In this paper the entanglement of multi-qubit fermionic pseudo Hermitian coherent states (FPHCS) described by anticommutative Grassmann numbers is studied. The pseudo-Hermitian versions of the well known maximally entangled pure states such as Bell and GHZ, W and biseparable states are introduced through integrating over the tensor products of FPHCSs with suitable choice of Grassmannian weight functions. Meanwhile as an illustration, the method is applied to tensor product of 2 and 3 qubit pseudo Hermitian systems. Then the measures of concurrence and average entropy are applied to quantify the entanglement of the pseudo two and three qubit states respectively.
Introduction
Quantum information theory has recently increased its theoretical self-consistency introducing several outstanding results. The most important one has been the achievement that entanglement phenomena of quantum states [1] have been framed in robust theoretical schemes and verified through some experimental tests [2, 3, 4, 5, 6, 7, 8, 9, 10] .
In fact entanglement is the most interesting and meanwhile strange feature of quantum physics. The idea of entanglement starts from the apparent conflict between the superposition principle and the nonseparability of the related quantum states. It happens when a state of two or more subsystems of a compound quantum system cannot be factorized into pure local states of the subsystems too. This is equivalent to say that an entangled state could be used to steer a distant particle into one of a set of states, with a certain probability.
Furthermore the recent researches in theoretical physics and quantum optics have revealed the importance of the coherent states. They can be used to encode quantum information on continuous variables [11] . While the entanglement of the bosonic su (2) and su(1, 1) coherent states, as the non orthogonal states which are playing an important role in the quantum cryptography and quantum information processing, has been widely investigated in the references [12, 13, 14, 15, 16, 17, 18, 19] , the entanglement properties of multipartite fermionic coherent states are remained as a challenging problem of quantum information theory, even from theoretical point of view [20, 21, 22, 23, 24, 25] .
The fermionic coherent states are defined as the eigen-states of the annihilation operator with Grassmannian eigenvalues [26, 27, 28, 29] . On the other hand, the last decade have witnessed a growing interest in non-Hermitian Hamiltonians with real spectra [30, 31, 32, 33, 34, 35, 36, 37] . Considering the results of various numerical studies, Bender and his collaborators [31, 32] found certain examples of one-dimensional non-Hermitian Hamiltonians that possessed real spectra. Because these Hamiltonians were invariant under PT transformations, their spectral properties were linked with their PT-symmetry. Later Mostafazadeh introduced the notion of pseudo-Hermiticity as an alternative possible approach for a non-Hermitian operator to admit a real spectrum [36, 37] .
Recently in [23] , the entanglement of Grassmannian coherent states for multi-partite n-Level Hermitian systems have been investigated considering tensor product of one mode fermionic coherent states ( e.g, |θ 1 |θ 2 ), defined as, |θ = |0 − θ |1 , which is presented in terms of standard basis,(|0 , |1 ) and anticommuting Grassmann numbers
This rule is justified in the context of quantum field theory, where for example the tensor product of two one-particle states is a two particle state and so on. Then authors found standard maximal entangled Bell, GHZ and W states by integrating over tensor product of two, three and multi-mods fermionic coherent states with proper weight functions. The goal of this paper is extension of the presented method to the pseudo Hermitian systems.
For pseudo Hermitian systems, instead of above standard basis we deal with two set of basis {|ψ 0 , |ψ 1 } and {|φ 0 , |φ 1 }, which are the eigen-states of H and H † respectively. Therefore two possible FPHCSs are |θ = |ψ 0 − θ|ψ 1 and |θ = |φ 0 − θ|φ 1 .
The paper is divided in two main parts. The first part is devoted to construction of the different families of pseudo Hermitian version of well known maximally entangled pure states such as Bell, GHZ, W and pseudo biseparable states through integrating over the tensor product of FPHCSs of two and three one qubit pseudo Hermitian system with suitable choice of Grassmannian weight functions. Then in section 2 we give a brief introduction about pseudo Hermitian quantum mechanics and in section 3 using the results of generalized Grassmaniann pseudo Hermitian coherent state [29] we present the FPHCSs as a special case of generalized Grassmannian pseudo Hermitian coherent states for 2 level system. In section 4 we construct pseudo Hermitian version of Bell states, W and GHZ states. In the second part, section 5, we use the measures of concurrence and average entropy to quantify the entanglement of the pseudo Bell states and GHZ and Werner states respectively and discuss about the results comparing with Hermitian maximal entangled pure states. Finally conclusion is given in section 6.
Pseudo-Hermitian Hamiltonians and Biorthonormal Eigenbasis
Intensive study of Schrodinger equation with complex potentials, but with real spectrum, was performed by different methods. The pioneer papers [30, 31, 32, 33, 34, 35, 36, 37] , initiated investigation of PT symmetric systems and afterwards more general class of pseudo-Hermitian models was introduced by Mostafazadeh [36, 37] . Following the second approach, let H : H → H be a linear operator acting in a Hilbert space H and η : H H be a linear Hermitian automorphism (invertible transformation). Then the η-pseudoHermitian adjoint of H is defined by
H is said to be pseudo-Hermitian with respect to η or simply η-pseudo-Hermitian if 
For diagonalizable operators H with discrete spectrum, there exist a complete biorthonormal eigenbasis {|ψ i , |φ i } such that
For a given pseudo-Hermitian H there are infinitely many η satisfying Eq.(2.2). These can however be expressed in terms of a complete biorthonormal basis of H. In non degenerate case the explicit form of η and it's inverse satisfying Eq.(2.2) read
Through out the paper, pseudo Hamiltonian H and consequently η and η −1 assumed to be in two dimentional Hilbert space.
3 Fermionic Pseudo-Hermitian Coherent States
Grassmannian variables
The basic properties of Grassmann variables are discussed in Refs. [38, 39, 40, 41] For our purpose, here, we survey the properties of this algebra which is generated by the variables (θ 1 , θ 2 , ..., θ n ) satisfying, by definition, the following properties:
Analogous rules also apply for the Hermitian conjugate of θ, θ † =θ, as:
Any linear combination of θ i with the complex coefficients is called Grassmann number.
In other words, Taylor expansion of a Grassmann function reads
where c 0 , c i , c i,j , ... are complex numbers. For instance, exp(θ 1 θ 2 ) = 1 + θ 1 θ 2 . Integration and differentiation over complex Grassmann variables are given by Berezin's rules as :
To compute the integral of any function over the Grassmann algebra the following rela-
(3.9)
Coherent States
Following [28, 29] , One can construct the pseudo fermionic coherent states for two level pseudo hermitian Hamiltonian. Here we outline the main results . Considering the biorthonormality nature of pseudo-Hermitian systems, we can define two pairs of annihilation and creation operators corresponding to the bi-orthonormal eigen-states (|ψ i ,|φ i )
Then it is possible to construct two families of coherent states for two level pseudo
Hermitian Grassmannian system in terms of |ψ k and |φ k . The FPHCSs corresponding to |ψ k , |φ k denoted by |θ and |θ respectively, by definition are the eigen-states of the 12) and up to normalization factors are
The explicit forms of the two families of FPHCS and characteristic of bi-orthonormality of pseudo-Hermitian systems can be exploited for identification of the possible integrals of |θ and |θ , that is |θ θ | and |θ θ|, against the measure of dθ dθ w(θ,θ), which lead to the resolution of identity
where w(θ,θ) = 1+θθ. The Eq.(3.14) is called bi-over-completeness relation. To compute weight function we require the following quantization relations between the biorthonormal eigen-states |ψ k , |φ k , (k = 0, 1) and Grassmannian variables θ,θ.
The above discussion makes it clear that neither the integral |θ θ|, nor the integral of |θ θ |, against the measure of dθ dθ w(θ,θ) normalized:
One can show that the fermionic coherent states (3.13) remain coherent for all the times, provided that the time evolution of the initial states managed by Hamiltonian is also an eigen state of lowering operators.
Maximal Pseudo Entangled States
Suppose a fermionic system for which the particles can go to the n−mode channels.
To this end, we consider tensor product of n one-mode FPHCSs, each one governed by pseudo Hermitian Hamiltonians. For simplicity we consider n = 2, 3. The case of arbitrary n is straightforward. Now we introduce the pseudo-Hermitian version of the well known maximally entangled pure two and three qubit states, such as Bell ,GHZ and W states, [42] respectively through integrating over the tensor product of FPHCSs with suitable choice of Grassmannian weight functions.
Pseudo Bell-like States
Let us start with un-normalized pseudo Hermitian version of standard Bell states,
that is
To achieve the above state we consider the tensor product of two one-mode FPHCSs with the same Grassmann numbers as
As mentioned already, such method is enlightened in the context of quantum field theory.
To get the above equation we use the explicit form of, |θ , from Eq.(3.13) . For the next step, our task is to find the proper weight function w(θ) such that the integration over Grassmann numbers θ, leads to the Eq.(4.18). To this aim let: 
So far, we concerned with tensor product of two one-mode FPHCSs with the same Grassmannian numbers, θ, and obtained the pseudo Hermitian versions of |Ψ − . In order to establish the other pseudo Bell states we need to consider the tensor product of FPHCSs with different Grassmann numbers, i.e., 22) in this case the general form of the weight function is w(
The task is to find w(θ 1 , θ 2 ) such that, in addition to above B i − , the other 3 families of pseudo Bell states are achieved. We denote these 3 families by B 
Pseudo GHZ and W States
In the previous subsection using possible tensor product of two one mode FPHCSs we introduced pseudo Bell states. Let us now proceed to construct pseudo version of the following GHZ and W states, 23) which are used broadly in quantum information theory. To construct 3 qubit peudo GHZ, we need to consider the tensor product of 3 one mode FPHCSs, with different Grassmann numbers, where they can take following 8 forms state FPHCS weight function psedo Bell state 
where the weight functions are numbers we have
where
Similarly for the same Grassmann numbers we get
where the proper weight function is:
As it clears in table III, for a given tensor product of three different one mode FPHCSs, e.g, |θ 1 |θ 2 |θ 3 depending on the selection of weight function, there are eight pseudo W states. We emphasized that, although we construct the category W ′ in terms of FPHCSs with the same Grassmann numbers, one may also tempt to obtain the same result with the different Grassmann numbers which in turns yield the weight function
Pseudo Biseparable States
Here we use FPHCSs to construct pseudo biseparabile states. Depending on how one considers bi-partition for a given state, there exists an entanglement in their subsystems partially. For example if a pure state |ABC involves the three subsystems A,B and C, the partition A may be separable while B,C are entangled. For illustration, let us consider the following examples 
sin β i , and T denotes the transpose. In the next subsection we first consider the pseudo Bell states.
Entanglement of pseudo Bell states
It is well known that the entanglement of a two-qubit state |ψ can be expressed as a function of concurrence [44, 45] 
where σ y is the y component of the Pauli matrices and |ψ * is the complex conjugate of |ψ . Since concurrence itself can also be considered as a measure of entanglement [45] , in the following we use it to quantify the entanglement of pseudo Bell states. After normalizing all pseudo Bell states mentioned in table I and recalling the explicit forms of (|ψ k (i) and |ϕ k (i) , k = 0, 1), from Eq.(5.33), the corresponding concurrences take the following forms 
It should be no surprise that we obtain C = 1 for B − 1 and B − 4 , independent of parameter α, since for α 1 = α 2 = α these states reduce to standard Bell state |Ψ − up to the total phase e −iπ ,
(5.37)
In contrast, the concurrence of B We consider more special cases which is interesting in dipole interaction decay as follows. This Hamiltonian arises in interacting two level atom with an electromagnetic field where the real constants δ is the decay rate for the upper and lower levels and the quantity s characterizes the radiation-atom interaction matrix element between the levels described in interaction picture with rotating wave approximation [28, 48, 49] . In this case the concurrence in terms of s and δ is C( B in terms of the parameters δ and s, as it seen for the points (δ = 0, s) concurrence of these states are equal to one and they are maximally entangled.
Entanglement of pseudo GHZ and W states
In the previous subsection we studied the entanglement of pseudo Bell states using the measure of concurrence. For the next step we are interested to quantify the entanglement of pseudo GHZ and W states. The well behavior measure that we shall consider is the average entropy S L , 40) which is define via linear entropy S L [47] , as correspond to separable and maximal entangled pseudo |W 7 states respectively.
Finally as the last example let us study the average entropy of the normalized |W 6 .
To this end, considering the Eq.(5.40) we deduce the following expression for S L (W 6 )
S L (W 6 ) = (5.47) 2(cos 2α 1 + cos 2α 2 + 2) cos 2α 3 + cos 2(α 1 − α 2 ) + cos 2(α 1 + α 2 ) + 4 cos 2α 1 + 4 cos 2α 2 + 6 3(2 sin α 2 sin α 3 + 2 sin α 1 (sin α 2 + sin α 3 ) + 3) 2
It is easy to check that for the case of α 1 = α 2 = α 3 = α the above equation reduce to S L (W 6 ) = 8 cos 4 α 9(cos 2α − 2) 2 .
(5.48) Fig. 5 , shows the S L (W 6 ) in terms of the parameter α and like the previous cases, the maximum value of the average entropy of the |W 6 is exactly the same as that of the entangled states described in standard Hermitian Hamiltonian. The method presented can also be extend to mulitipartide n level systems. 
